Abstract-The proposed model allows the satisfactory reproduction of the changes in the profile geometry in each time step depending on the sediment budgets in a given morphodynamic system. The applied modifica tion to the general Bruun rule governing the conservation of mass must account for the effect of the sediment transport, which is described in terms of the erosion and accretion rates (Er and and Ac, respectively). The scale of the erosion is a function of the total annual wave energy flux reaching the beach. The accretion is gov erned by the Er, on the one hand, and by the sediment budget in the morphodynamic system, on the other hand. The equilibrium profile obtained for the case of a balanced sediment budget (Er = Ac) shows good agreement with the observed profiles. A deficit or surplus in the sediment budget results in the shoreline's retreat or advance accompanied by either a decrease or increase in the slope of the bottom profile. The model accounts for different types of shoreline responses to changes in the sea level (the Bruun rule, the develop ment of a coastal barrier, and abrasion). Sediment budget imbalances can be a factor in the profile's evolution due to changes in the sea level, while the combination of both factors will produce a variety of behaviors of the shoreline, as was shown by our calculations. The model was verified using historical data on the behavior of the Central Holland coast and the Abkhazian coast during the Late Holocene. It was shown that the model satisfactory reproduces the progradation of coastal barriers. An example of a relatively short term forecast (over a 100 year period) is given.
INTRODUCTION
The morphodynamic evolution of sandy shores is the result of processes operating over the short term (at time scales of a single event such as a storm) and long term engineering (decadal) and geological (cen tennial to millennial) time spans.
Process based models, which take into account the different elementary processes responsible for the sed iment transport and the local changes in the profile's morphology are used in predictions of short term coastal changes. To describe the long term behavior of shorelines, both the effects of physical factors and the whole morphodynamic system must be considered. These behavior oriented models [4, 5, 10, 12, 15, 16, 19] are designed to explain the evolution of some coasts during the postglacial and Holocene marine transgressions and predict their future behavior. At the same time, the integrated approach does not account for all the changes in the profile's geometry, which in many cases play a critical role in coastline evolution.
Several attempts have been made to develop an alternative as a synthesis of the local and integrated approaches [3, 11, 17, 18] . The methodology used in this study is more or less a combination of both approaches.
Predictions of the changes in the position of a shoreline are of particular interest from a practical standpoint. However, the rates of the water line's shift are intimately related to the overall characteristics of the entire beach profile. By applying the equilibrium profile concept, this model predicts the possible changes in the profile in response to the sediment transport within a given morphodynamic system. The dynamic response of the profile is determined in terms of the annual rates of the erosion as a function of the exposure of the shore to wave action. By considering the main types of profile responses to sea level fluctu ations, this model is used to reconstruct the past (5-6 kyr) history and forecast the future evolution of shorelines.
CONSERVATION OF MASS
The proposed model is based on the mass conser vation principle, (1) which relates the changes in the local bottom elevation η to the gradient of the cross shore sediment transport q x produced by wave and current actions, as well as by the external sediment supply S, where t is the time and the OX axis is oriented shore normal in the offshore direction ( Fig. 1) . 
Modeling Beach Profile Evolution at Centennial to Millennial Scales
Next, we use the elevation η in place of the depth h given by h = ζ -η, where ζ is the mean sea level. The lower part of the profile x = x * located at a distance offshore l * corre sponds to the depth of closure h * (Fig. 1) , seaward of which no significant wave action on the bottom topog raphy is assumed. At decadal time scales, h * is defined as function of the double wave height during extreme storms [5] . At somewhat longer time scales, the value of h * can be given as the depth to the edge of a sand body that translates over the coastal substrate.
The shoreline is defined by the point x = x 0 ( Fig. 1 ) separating the subaqueous and subaerial portions of the active beach profile. The upper part of the profile (the point x = x b with elevation z b ) corresponds to the upper beach boundary or berm crest.
The right hand side of equation (1) represents the difference in the rates of erosion (Er) and accretion (Ac) at a given point of the profile. Therefore, equation (1) can be written as (2) where w = dζ/dt is the rate of the sea level change. This expression assumes that the profile changes are the result of two opposing processes such as erosion, when loose sediment particles are dislodged from the bottom due to wave and current actions, and accretion associ ated with gravity driven deposition of sediment. When the erosion rate Er(x) and accretion rate Ac(x) are equal, the coastal profile is maintained constant, whereas the difference between these rates causes changes in the water depth and shoreline shift.
We then use the integrated form of equation (2) . Suppose the subaerial portion of the profile and the shoreline migrate together, i.e., the shift rates of the shoreline and berm crest are equal. The left hand side of equation (2) after integration over the length of the profile (from x b to x * ) will give where V is the cross sectional area of the profile (or volume per unit of length of the shoreline), and ∂x * /∂t is the shift rate of the waterline. The integrals of the values Er and Ac will give the erosion Q E and accretion Q A volumes:
For an equilibrium profile, Q A = Q E . However, in the general case, Q A may differ from Q E by the value of B, which is defined by the sediment transport:
Positive values of B correspond to beach accretion, while negative values correspond to erosion.
Combining the above relations gives the integrated form of the mass conservation equation:
RATE OF EROSION According to the classical understanding [8] , the beach sediment flux is proportional to the energy dis sipation rate or wave energy flux gradient q ~ ∂F/∂x, where F = EC g is the wave energy flux per unit of length of shoreline, E is the wave energy per unit of area, and C g is the speed at which the energy is transported. The gradient ∂F/∂x can be written as (F 0 /l * )f 1 (h), where F 0 is the energy flux in the deep water, and f 1 (h) describes the energy dissipation rate as a function of the water depth. Then, the rate of erosion Er ~ ∂q/∂x will be proportional to the value of where f(h) = Usually, the beach profile changes at storm events are the most severe near the shoreline. They become less evident in the deep water and even cease beyond the closure depth. From these considerations, we use a decreasing exponential function in the form of f(h), which takes on a value ranging from 1 for onshore to 0 for a water depth of h * . After checking for dimensional consistency, an expression for Er is found:
where c e is the dimensionless coefficient, ρ is the water density, and g is the gravitational constant. The shape of the profile has m > 1 because the changes of Er are the most significant at smaller h (near the shoreline). Since the time scale used in our computations is of a decade or so, the value of F Σ is regarded as the net annual energy flux per unit of length of the shoreline. The value of F Σ is defined as the vector sum of the indi vidual fluxes calculated for the different wave direc tions.
Expression (5) is related to the subaqueous portion. For the subaerial portion of the profile and with regard to the above assumption, Er corresponds to the rate of erosion Er 0 along the length of the shoreline (at the point x = x 0 ). From these, the total potential erosion volume Q E is given by (6) where β 0 = (∂h/∂x) 0 is the bottom's slope at the shoreline.
Close to sandy shores, the maximum erosion rates reach a few meters per year, while the average rate along the profile does not exceed 10 -1 m year . Then, for typical values of ρ = 10 3 kg m -3 , g = 9.8 m s -2 , and l * = 10 3 , from (6) we can compute Q E = (10 3 -10 4 )c e α e (where α e in the typical case is close to 0.5). By com paring this value with the above value for Q E , we can conclude that c e may be on the order of 10 -1 .
By using (6), we can rewrite (5) as
RATE OF ACCRETION The rate of the beach accretion Ac is proportional to the product of the volume concentration of the sus pended particles C and the settling velocity w s : Ac C w s . The greatest concentrations of sediment occur near the shoreline (x = x 0 ) and decrease remarkably to the offshore limit of the active profile (x ≥ x * ). Assum ing that the rate of change of C with x is a decreasing exponential function, the rate of accretion can be parameterized as follows:
where c a is the dimensionless coefficient and is the maximum value of C. For this case, the exponent n > 1, because the changes in Ac are the most significant at smaller x (near the shoreline).
Expression (8) is related to the subaqueous portion. For the subaerial portion of the profile, we assume that
Ac corresponds to the accretion rate at the water line: Ac 0 . From these, the total potential accretion volume Q A is given by
By using sediment transport equation (3), we can derive from (9) and then rewrite (8) as
The beach profile is assumed to maintain a con stant shape if the accretion and erosion rates are equal at each point across the profile. Assuming (7) and (10) are equal at B = 0 and x 0 = 0, we obtain the equation
For the water line, equation (11) can be written as β 0 = (α e /α a )(h * /l * ).Using the α e and α a values in (6) and (9), we calculate that the profile at the shoreline is equal to β 0 = [(n + 1)/(m + 1)](h * /l * ); hence, α e /α a = (n + 1)/(m + 1). Then, the integration of (11) will give the equilibrium profile equation:
Since sandy beaches generally have concave pro files, p > 1. This means that n > m, while the maximum profile slope corresponds to the value of β 0 = p(h * /l * ) at the water line. Figure 2 represents a comparison of our computa tional results and subaqueous beach profiles at Lyub yatovo (Baltic Sea) [13] , the Anapa coastal barrier (Black Sea), and Tershelling (North Sea) [14] . These coasts are predominantly composed up of fine to medium grained sand. Offshore, the profiles are com plicated by sand bars. Nevertheless, dependence (12) produces satisfactory results for the average beach pro files.
It is likely that the exponent p = 1.5 can be used as a benchmark for calculating the values of m and n. If p = 1.5, the corresponding combination is set to be m = 2 and n = 3.5, m = 2.5 and n = 4.25, and m = 3 and n = 5. Any given pair of values can be chosen after the model's calibration for specific sites.
TYPES OF COASTAL PROFILE EVOLUTION IN RESPONSE TO SEA LEVEL CHANGES
In our model, the changes in the sea level are one of the key factors driving the migration of the active shore profile. The vertical displacement of the profile Δζ = wΔt specifies the changes in the profile over the time interval Δt. The horizontal displacement is then deter mined from equation (4), where ∂x * /∂t = ∂x 0 /∂t, since the profile is considered to translate at the same rate at each point.
A rising sea level is generally accompanied by ero sion of the upper beach profile and the transportation and deposition of the eroded sediment offshore (Fig. 3a) . Assuming the cross sectional area of the pro file V remains constant (∂V/∂t = 0), given a balanced sediment budget (B = 0), we can obtain from equation (4) the relation (13) which is known as the Bruun rule [9] . The horizontal displacement of the coastline is directly proportional
to the sea level rise and inversely proportional to the average slope over the active profile β.
Another type of profile evolution (Fig. 3b) is char acteristic of barriers or bars [2, 10] translating over a gentle substrate slope (β s Ӷ β). This type of profile change was observed in lagoons in southeastern Aus tralia [10] and the Atlantic coasts of the United States [16] during the postglacial marine transgression. Assuming the sea level rise Δζ is accompanied by the horizontal displacement of the profile over the dis tance Δx 0 = -Δζ/β s , where β s is the substrate slope (Fig. 3b) , we then obtain the expression
Then, it follows from (4) that the migration of a barrier should be balanced by the volume of sediment trans port: as is evident given β/β s → 1 ∂V/∂t → 0. The outwash during storm surges is a mechanism of sediment trans port over the barrier. Another factor that contributes to the shaping of the coastal profile is abrasion, which occurs when the substrates are steeper than the beach profiles, (β s > β), (Fig. 3c) and results in cliff formation. The rate of the shoreline's recession can be generally predicted by the Bruun rule (where the value of z b is taken to be the cliff's height) but is much more strongly dependent on the deficit in the sediment budget B.
In all the cases when the sea level falls (w < 0), the shoreline migrates seaward in accordance with the Bruun rule (13) such that subaqueous beach material is eroded away and deposited near the shoreline.
PROFILE EVOLUTION CAUSED BY SEDIMENT BUDGET IMBALANCES
Another key factor in the profile evolution is an imbalance in the sediment budget, which is defined by the value of B in equation (4) . The sediment budget is the difference in the sediment transport fluxes enter ing or leaving a selected region between the long shore and cross shore boundaries of the profile. Several approaches to quantifying different components of the sediment budget are discussed in [5] .
A balanced sediment budget (B = 0) means that the erosions rates and accretion rates at the shore are equal (x = x 0 , Ac 0 = Er 0 ) and the shoreline's position remains stable: ∂x 0 /∂t = 0. In the case of an unbalanced budget (B ≠ 0), Ac 0 ≠ Er 0 , which causes the shoreline to move either landward or seaward. The shoreline advances (∂x 0 /∂t > 0) in the case of a sediment surplus (B < 0) and retreats (∂x 0 /∂t < 0) in the case of a sediment def icit (B < 0). Since the point x = x * delineating the clo sure depth h * remains stationary (∂x * /∂t = 0), the pro file becomes steeper or flatter in response to the shore line's retreat or advancement, respectively.
According to (4) , the sediment budget imbalance should result in a change in the profile's cross sectional area:
As seen in Fig. 4a , changes to the cross sectional area over time Δt occur in the subaerial and subaque ous parts of the profile (ΔV 1 and (ΔV 2 ). With a negative sediment budget (B < 0), the shoreline will retreat by -Δx 0 over the time Δt. If we assume that the subaque ous profile evolves while maintaining its equilibrium shape, then the cross sectional area V 1 and the change to this cross sectional area ΔV 1 can be determined by (12) . Hence, we obtain
The substitution of the sum of ∂V 1 /∂t and ∂V 2 /∂t into (16) will give the relationship between the rate of the shoreline's shift and the sediment budget:
It is important to note that the changes in the length of the beach profile due to an imbalance in the sediment budget will also be a factor in the profile's evolution in response to sea level changes. According to (13) and (17), for the case of a budget deficit, the profile's length l * increases and so does the rate of the profile's shift, whereas l * decreases during a sediment surplus with a decreasing rate of the profile's shift. To determine the total shoreline shift, the change to l * must be controlled at every model time step.
As noted above, the average slope of the entire pro file becomes steeper as the shoreline advances. This process must be limited to the value of the subaqueous profile's slope s m . It can be assumed that, once this slope is achieved, the entire profile will advance with the other parameters remaining constant by analogy with the behavior in response to the sea level's change. In this case, a certain volume of supplied sediment must be transported down the slope and deposited at the base of the profile that translates over the descend ing surface of the substrate (Fig. 4b) . The base's height Z will depend on both the substrate's slope and the sea level's position at the given time. From these, the amount of sediment transported seaward to build up the base is expressed as
where is the initial position of the profile's outer boundary. Thus, according to (4), the rate of the pro file's advance will be (18) This gives a value of 0.04-0.05 for s m because sub aqueous profiles on sandy beaches usually adopt gen tler slopes.
EXAMPLES OF CALCULATIONS
The model inputs are the sediment budget B, the rate of the sea level's rise w, and the specified evolution period. We also introduced a wave energy flux F Σ , which was used to calculate the potential volume of erosion Q E .
The parameters of the equilibrium profile were adjusted to approximate the actual beach's profile.
Then, we numerically integrated equation (17) with equation (13) or (14) over the time Δt with two iterations. The first iteration calculated the shoreline shifts due to the budget imbalances and determined the new beach profile while accounting for the changes in its length.
The second iteration involved the translation of the profile to a new position in response to the sea level change, after which we advanced to the next time step. In a typical case, Δt = 1 year spaced at Δx = 1 m.
In case that the subaqueous beach profile reaches its maximum slope of s m , the further evolution is mod eled using (18) . In models (c) and (d), an imbalance in the sedi ment budget and changes in the sea level have the
opposite effect with the first factor being dominant. As a result, as the sea level rises, the shoreline's position does not retreat but advances. In contrast, the sea level's fall is accompanied by the shoreline's erosion. In model (e), the shape of the profile is consistent with a nonuniform sea level rise and a small sediment deficit. A coast profile in the vicinity of Zelenorogsk in the eastern part of the Finnish Bay was used as the pro totype [6] . About 3700 years ago, the relative sea level is believed to have been 5 m below the present mean sea level, but it rapidly rose by 2 m during the subsequent transgression. However, over the past 3200 years, the sea level has been rising slowly (about 0.001 m year ). As seen in Fig. 5f , the combina tion of the above factors should promote the formation of a terrace on the submarine slope, which actually exists in this region [6] .
THE MODEL'S VERIFICATION One of the techniques for the model's verification is reconstructing the coastal evolution using all the historical data on the shoreline's position. These data are available for the Central Holland coast [15] and the Abkhazian coast in the vicinity of Sukhum [7] .
The Central Holland coast. The tidal basin formed after the postglacial transgression was filled in with sediment (Fig. 6a) . The barrier that formed 5000 years ago has prograded seaward by the accretion of eroded material from the land promontories at the boundaries of the studied coast or sediment fluxes discharged from tidal deltas. A belt of coastal dunes was built simulta neously with the barrier's progradation. As a result of the subsequent reduction of the sediment supply, the coastline has prograded approximately 400 m seaward in the past 2000 years.
The following parameters were selected to repro duce the above conditions: l * = 10 km, h * =17 m (the depth at the edge of the sand body), l b = 100 m, and z b = 3 m. The available wave parameters [15] were used to calculate the value of F Σ ≈10
11 J m -1 year -1 for the wave energy flux, while the initial volume of the ero sion Q E , according to (6) , would be 36 m 3 m -1 year -1 (here and elsewhere, the coefficient is taken to be c e = 0.1). The rate of the sea level rise w is estimated to be 0.001 m year -1 in the period from 5000 to 2200 years BP, and it should remain largely constant after that time [15] .
For a sediment budget that is unknown a priori, the value of B is adjusted to obtain the best fit to the actual rates observed during the shoreline's evolution.
The model's results in Fig. 6b illustrate the succes sive positions of the computed shoreline profiles on a 500 year time scale. The calculations were performed using the exponents m = 2 and n = 3.5. The sediment sup from 2200 to 0 years BP. The latter value fits well with the range of the present day values of B reported in the lit erature [15, 19] .
Sukhum coast. The Sukhum coast (Fig. 7a ) between 6500 and 2500 years BP prograded seaward as a result of the accretion due to the long shore sediment transport along the southeastern coast. During that period, the sea level rose by 10 m and then remained at its present level. By 2500 yr BP, the shoreline moved close to the upper continental slope with a steeply plunging bottom causing the offshore transport of the supplied material and the shoreline's stability. The proposed evolutionary model is marked by a series of stair stepped relicts of the coastal barrier, as indicated by profile 1 (Fig. 7b) .
The following values were used for modeling profile 1's parameters: l * = 1400 m, h * = 10 m, and z b = 5 m. Using the reference data from [1] , we calculated the values of F Σ ≈1.6 × 10 10 J m -1 year -1 for the wave energy flux and 57 m 3 m -1 year -1 for the initial ero sion volume. The rate of the sea level rise for the period from 6500 to 3500 years BP is set to be w = 0.0033 m year -1 . The calculations were performed for m = 2 and n = 3.5.
The model's results in Fig. 7c demonstrate that the sediment budget B is 9 m 3 m -1 year -1 for the period between 6500 and 5000 years BP and should further increase to 15 m 3 m -1 year -1 by 2500 years BP. It is likely that the sea level rise was a major cause of the increased upstream erosion and sediment supply. As seen in Fig. 7c , 5000 years BP, the profile achieved its maximum slope and then advanced while maintaining its shape.
It may be concluded that the above model repro duces with good agreement the observed behavior of the studied coastal profiles in the Late Holocene time.
It should be noted that the steepening of the profile's slopes caused increased erosion at each site, the present day values of which were calculated to be 7-10 times greater than the initial values.
EXAMPLE OF FORECASTING
Our model can be well illustrated using the example of predictions for short term (for a 100 year period) changes in the coast at the Chaivo drill site on north eastern Sakhalin (Fig. 8a) . The coast at this site con sists of a coastal barrier backed by the Chaivo lagoon. The simplified shoreline profile is shown in Fig. 8b .
During the Late Holocene, the coastal barrier migrated seaward as indicated by a sequence of bars visible in aerial photos. Calculations using the mea sured wind and wave data indicate a positive sediment budget B. However, the deficit in the sediment supplies is more likely to be the result of other factors, since the shoreline's retreat became the main trend in its evolu tion for the last decade.
The rate of the mean sea level rise was 0.0015 m year -1 over the 20th century [9] . However, the tecton ically driven subsidence at the Chaivo site contributes to the higher rates of the relative sea level's rise (prob ably with a value of w = 0.003 m year -1 ).
The following values were used for the model's parameters: l * = 2200 m, h * = 13.5 m, and z b = 5 m. We , and 186 m 3 m -1 year -1 for the potential erosion volume. As in the above cases, the calculations were performed using the exponents m = 2 and n = 3.5.
Changes in the shoreline's profile over 100 years under different scenarios of the sediment budget are shown in Fig. 8b . If the budget is positive, the shore line may advance 5 m seaward; i.e., it maintains its current position. In other words, the sediment supply will offset the effect of the sea level's rise, thus leading to the accretion of the near shore bottom profile.
In the case of a balanced budget (B = 0), the shore line may retreat 37 m or 46 m given a small deficit in the sediment budget. In view of the current trends, scenarios 2 and 3 seem to be the most likely.
CONCLUSIONS
The proposed model aims to simulate the long term morphodynamic evolution of coasts while pro viding the satisfactory reproduction of the changes in the profile's geometry in each time step depending on the sediment budgets.
The applied modification to the general Bruun rule governing the conservation of mass must account for the effect of the sediment transport, which is described in terms of the erosion and accretion rates (Er and Ac, respectively). The scale of the erosion is a function of the total annual wave energy flux reaching the beach. The accretion is governed by Er, on the one hand, and by the sediment budget in the morphodynamic sys tem, on the other hand.
The shape of the equilibrium profile is determined by the balance between the sediment supply and the sediment export when the rates of the erosion and accretion (Er and Ac) are equal. If this balance is neg ative, the shoreline will retreat landward; conversely, if this balance is positive, the shoreline will advance sea ward. Thus, the profile's slope becomes gentler in the first case and steeper in the second case. After reaching the maximum slope gradient, the profile will continue its advancement while maintaining its shape constant.
The proposed model accounts for several types of the profile's response to changes in the sea level, including the Bruun rule, the development of a coastal barrier, and sediment abrasion. Sediment budget imbalances can be a factor in a profile's evolution due to changes in the sea level, while the combination of both factors will produce a variety of behaviors of the shoreline, as was shown by our calculations.
The model was verified by hind casting historical changes in beach profiles over preceding periods. The Central Holland coast and the Abkhazian coast, for which relevant data are available, were used in the paleo reconstructions. It was shown that the model satisfacto rily reproduces the progradation of coastal barriers in the Late Holocene time (over the past 5-6 kyr).
The example of the Chaivo barrier bar (Sakhalin) demonstrates the use of the model for estimating the vulnerability of coastal areas to environmental changes.
The equilibrium profile obtained in this study dem onstrates good agreement with the actual configuration of beach profiles. The proposed model can be used in reconstructions of historical changes in the coastal relief and in predictions of its future development. ).
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